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1. Introduction  
This study is motivated by the need of optimising generic floating wave energy converters 
based on the oscillating water column (OWC), principle in the framework of a new FP7 
project (CORES) involving DISTART. Similarly IMAGE, that deals since long with floating 
breakwaters, is planning to further investigate this kind of device. The key aspect of our 
interest is the OWC dynamic, which affects the efficiency of the energy conversion.   
The dynamic response of a floating body is a typical two-way interaction problem: the body 
dynamics is determined by the wave pressure and the body movements essentially 
influence the wave and velocity field.   
The OWC under exam is moored with piles, so that some of the degrees of freedom of the 
system are restrained by the anchoring device: only heave and, to some extent, roll, is 
possible. This simplification of the problem, that in origin has 6 degrees of freedom, allows 
for the set up of an easier model, which is also appropriate for didactic purposes. 
This problem has been solved for instance in connection to floating breakwaters (see 
McCartney, 1985 for a description of this kind of structure) in a simplified form. Usually 
waves are assumed to propagate in an inviscid irrotational flow and behave as if having an 
infinitesimal height, whereas the floating body is assumed as rigid.  After being extensively 
studied in the decade 75-85, mainly in connection with floating breakwater performance, the 
floating body simulation is now the subject of several new papers (according to the Sirius 
database, starting in 1965, 50% of journal papers regarding floating breakwater dynamics 
are written after 2001).   
The Authors compared experiments (Ruol and Martinelli, 2007) to simulations based on 
such simple hypotheses and found significant differences, almost 10%, which are too high 
for the purpose of optimising OWC devices.  It seemed that wave non-linearities were the 
main cause of such dissimilarities and the need for a further investigation was established.   
Aim of this note is to evaluate the floating body dynamics under non-linear waves in 2DV (2 
Dimensions, Vertical) conditions.  A novel and simple model is set up that considers the 
exchange of forces between the (rigid) body and a fluid, actually sea water, described by 
equations able to account for all (wave) non-linearities.   
The Navier Stokes (NS) equations are solved in a moving grid through a finite element 
discretisation by means of the Comsol Multiphysics engine.  The modeled equations are 
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described in detail and are given directly in weak form.  Turbulence is not accounted for, 
since, as we will see, it is an inessential complication for the problems under analysis.  
The model is described assuming that the reader is familiar with the basics of the finite 
element method (Hughes, 1987), fluid mechanics (see for instance Kudu and Cohen, 2002), 
and the related numerical methods (Fletcher, 1988).   
2. State of the art 
Gravity waves are due to the periodic transformation between kinetic and potential energy  
and therefore they can only propagate in a domain with a free surface.  
The treatment of free surface flows is complicated by the feature that the domain of interest 
has an unknown boundary.   
In case of an ideal fluid, the flow is most likely irrotational and the problem is extremely 
simplified.   
Rotational flows are rather complicated to simulate.  Difficulties are, on the one hand, 
common to computations of flows without a free surface as, for instance, the presence of 
large Reynolds numbers. On the other hand, additional problems exist such as those 
associated to the presence of beakers, of a free surface that is not univocally related to the 
horizontal co-ordinate (overturning waves), existence of singularities at the intersection 
between body and free surface (water tend to penetrate into the body), presence of waves 
that may overtop the structure, free-surface turbulence, wet and dry conditions. 
Unfortunately, simulations of the floating body dynamics can potentially arise all these 
difficulties simultaneously.  
2.1 Irrotational flow conditions 
The easiest possible way to simulate the free surface flow is to follow the Airy theory and 
apply the linearised dynamic and kinetic boundary conditions on the undeformed 
configuration, in absence of viscous dissipation (Dean & Dalrymple, 1991).  The flow field is 
evaluated by the radiation diffraction theory in which the velocity potentials are expressed 
as linear summation of incident, radiated and diffracted waves.  Fugazza and Natale (1988) 
presented a comparison between experiments and a linear model based on this method 
accounting for energy losses. 
In other cases, the boundary conditions are described on the deformed configuration, 
preserving all non-linearities.  Note that the fluid may still be assumed irrotational and 
incompressible, so that the domain equation is linear, since the presence of 2 coupled non-
linear dynamic and kinematic boundary conditions on the free surface introduce the main 
sources of non-linearities.   
The governing equations can be found in Mei (1989).   
The solution of the linearised equations is only valid in case of regular waves.  The response 
to random waves is still sometime assessed, ignoring the significant non-linear interactions 
between frequency components, by combining the structure response to a number of single 
frequencies. 
It is not clear if non-linear interactions can result in a major effect, but it appears that a 
correct approach for the simulation of the floating body dynamics under random wave 
conditions should account for non-linearities.   
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Numerical solutions are based on finite difference, finite element or boundary element 
methods. The first two methods tackle the field equation directly. The third is based on an 
integral equation formulation. 
Finite difference schemes are not particularly suited in principle, since the free surface 
boundary does not easily intersect the mesh at grid points that are regularly spaced.  In 
theory several approaches can overcome this inconvenience, like the use of refined grids at 
the surface, markers (Chan & Hirt, 1974), finite volume method or transformation of 
variables.  
In practice the finite element method can cope much more easily with arbitrary boundary 
geometry, such as that of a free surface that is described by a moving grid.   
The boundary element method appears less intuitive compared to the previous ones.  
Nevertheless, it has the advantage that the space dimension of the problem is reduced by 
one.  Green functions typically satisfy either the linearised free surface and radiation 
condition or merely the infinite fluid source condition.  The solution to the fully nonlinear 
potential flow is obtained by applying iteratively the more accurate Green function (the 
former of the two cited ones) starting from initial state and then tracking the free surface 
boundary in time. 
Analytical solutions of the linearised inviscid flow problem around floating bodies are also 
available for simple geometries (Drimer et al, 1992), obtained by a partition of the domain in 
homogeneous sub-regions, where the velocity potential can be expressed in simple forms, 
and by matching the solutions found for each sub-region.  
2.2 Rotational flow conditions 
In the previous paragraph,  we have seen that methods that solve the inviscid flow problem 
by spatially discretizing the whole domain appear quite inefficient, since they handle a lot of 
useless data in the interior of the domain, compared to the methods based on the Green 
function: this depends from the fact that the domain equation is linear. 
The rotational case must be handled by the Navier Stokes equations, which, due to the 
convective terms, are nonlinear. Therefore in this case a volume discretization is required.  
In the context of free-surface flows, the numerical methods can be classified into fixed grid, 
moving grid approaches, meshfree and particle methods.   
The famous Marker and Cell or the Volume of Fluid methods are examples of the fixed grid 
method.   
The moving grid approach appears more suited since it can fit the free surface, thus 
reaching greater accuracy for a given mesh size.  One efficient way to move the grid is to 
prescribe the velocity of the vertices to be exactly the unknown fluid velocity. Alternatively, 
one may transform the vertical coordinate into a different one, that is the algebraic sum of 
water depth and  wave elevation and re-write the conservation laws in terms of this new co-
ordinate.  Or even combine both approaches (Zhou and Stansby, 1998).  
Meshfree and particle methods appear also promising (Monaghan, 1994) in case of very 
large deformations, although still computationally too expensive. 
Note that even if several possible approaches to handle the NS equations in presence of a 
free surface exist, it is a challenging task to actually solve a real problem.  
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3. The adopted model 
The vertical body movement is described by a mass-spring equation.  The vertical force is 
derived by integration of the hydrodynamic stress applied to the floating body at each time 
step. The forces applied by the fluid are modelled by means of the NS equations in a 
standard Arbitrary Lagrangian Eulerian (ALE) reference system.   
The ALE method is a numerical scheme according to which the vertices of the grid may be 
considered in motion with the fluid (Lagrangian, free of the nasty convective terms), fixed 
(Eulerian), or move with any arbitrarily assigned law. In practice there is a relation between 
the domain at time t' and a reference domain and the conservation laws are written for a 
reference system moving at the grid speed.      
The biggest problem arising from the combination of the a rotational domain equation and 
the ALE method is that the element tend to become too distort, or even to invert the area 
(one vertex of the triangle crosses the line connecting the other two) with loss of physical 
meaning.  When waves are propagating, it is a clever idea to limit the grid movements along 
the vertical direction only, so that the grid can not rotate.  For a general situation with a 
floating body that moves horizontally and rotates, the grid must be allowed to move 
horizontally at least in proximity of the body itself. This possibility is not contemplated by 
our example, but we worked with this specific problem: in order to avoid that the grid 
follows the vortexes and becomes too distorted, it was found quite effective to use elements 
of lower order for the spatial interpolation of the Laplace equation necessary to describe the 
grid movements than elements describing velocities.  This method worked at least for small 
movements.   
3.1 The body geometry 
In order to compare the results with experiments, the dimensions of the floating body under 
exam is in the same scale of the laboratory model.  The structure cross section is rectangular: 
0.4 m wide, 0.3 m high, 0.16 m of draught. Mass is 64 kg/m.  The buoyancy force can be 
associated to a vertical spring Kv=ρg 0.4m = 4 kN/m2.  Natural period is 1.15 s according to 
the irrotational flow model (added mass of 61 kg/m).  
The body floats in the center of a flume as wide as the structure, 12 m long, with depth held 
constant and equal to 0.5 m.  Actually, the numerical wave flume is quite shorter than in 
laboratory (33 m), in order to reduce the computational effort.    
3.2 The domain equations 
The reference system has co-ordinates X and Y, whereas the grid points have co-ordinates x 
and y, which are function of the independent variables X, Y, and t. Fig. 1 shows an example 
of grid movements. 
In the volume V, which is the water in the wave flume, the following equations must hold: 
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where the second integral refer to the boundary conditions and is null in presence of zero 
flux and the tilde refer to the trial functions used to interpolate the variables.  
The fluid is described in the x-y coordinate system by the NS-equations with density ρ=1000 
kg/m3 and kinematic viscosity ν= 10-6 m2/s.  The domain equation for the grid movement is 
the Laplacian operator. 
 
Figure 1. Position of the mesh at t=9.7 s, i.e. when the wave is maximum in front of the 
floating body.  Displacement along the vertical position is emphasized by the color scale 
The NS equations are given below in weak form, where only the integrand of the volume 
integral is given, for simplicity of notation: 
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where u and v are horizontal and vertical velocity, p is pressure, Sx and Sy are stability terms, 
discussed in the following, which do not exist in the NS-equations. 
3.3 The wave generation problem and the adopted numerical scheme 
A regular wave is generated with period 1.1 s and 1.3 s. The wave is generated by a 
sinusoidal source of mass (this technique is often used in VOF methods) placed 2.5 m away 
form the floating body.  Generation area is 0.1 m by 0.3 m, and distant 0.1 m from the 
bottom and from the initial still free surface. This method is very efficient since waves 
reflected by the floating body can pass the generation area without interfering with it.   
The reason for generating a regular wave is that comparison with tests and linear model is 
easier. 
The area that generates waves has non-zero divergence. Fig. 2 shows the divergence of the 
velocity during a randomly chosen instant. It can be noticed that the divergence is almost 
null in the domain and far from zero in the generation area. In the generation area, eq. 3 is 
indeed substituted by: 
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where F(t) is the source function with, that assures a wave of height H (in our case 0.04 m): 
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where T and L  are the wave period (1.1 s and 1.3 s) and length (≈1.7 and 2.3 m as found by 
the dispersion relation with depth of 0.5 m); D is the height of the generation area (0.3 m); K 
is a calibrating constant that assures that the generated wave is actually the desired one, a(t) 
is a regular ramp function that is zero at the beginning of the simulation and 1 after the 
instant tr (tr is taken numerically equal to T) and defined as: 
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Figure 2. Divergence of the velocity in gray scale. t=9.25 
3.4 Stabilisation  
It is known that if a convective diffusion equation, like Eqs. (4) or (5), is directly discretised, 
the cell Reynolds number must be lower than 2 in order to avoid instabilities.  This 
constraint  would require a mesh size which is not feasible for an engineering approach and 
numerical schemes must be adopted.   
Unfortunately, the most efficient numerical schemes assume implicitly that the field is 
divergence-free.  Both the least square Gelerkin and the Petrov-Galerkin pressure 
stabilisation techniques, would require some significant modifications in order to match 
with Eq. 6.  
For simplicity the isotropic diffusion equation was used, with tuning parameter 0.5, since 
this technique only affects the diffusive terms in the momentum balance Eqs. (4) and (5). In 
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short, it adds an artificial diffusion equal to the absolute value of the momentum flux 
multiplied by 0.5 h, where h is the size of the mesh element: 
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Figure 3. Cell Reynolds number, i.e. hu/ν.  In order to appreciate its horizontal spatial 
variation, the logarithm in the range between 2 and 4 is plotted in color scale.  At the 
bottom, velocities are small and the cell Reynolds number is of order 1, and it is not plotted.  
In the sponge layer i.e. for X<-4 and X>4, low cell Reynolds numbers are found due to the 
increase of viscosity 
 
Figure 4. Vorticity in color scale (whose unit measure is in s-1) and velocity field through 
arrows (horizontal and vertical components u and v in scale with X and Y axis, i.e. a vertical 
arrow 0.1 m long denotes a vertical velocity of 0.1 m/s) 
Of course we accept a significant loss of accuracy due to the introduction of a great artificial 
viscosity where needed.  We have two reasons for doing it: a) we already have the inviscid 
result and b) by refining the mesh, the artificial viscosity is proportionally reduced and we 
can appreciate its effects.  The effects of mesh refinement will be discussed in Section 5. 
The simulated cell Reynolds number is presented in Fig. 3.  It shows that quite some 
artificial viscosity was added.  Effect of the artificial viscosity is anyway small, as we can see 
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from the spatial distribution of the vorticity, given in Fig. 4, that is small except at the 
bottom and at the body corners. 
A requirement for stability is also that that higher-order basis functions must be used for the 
velocities than for the pressure. This condition is know as the Babuska-Brezzi condition. We 
then used Lagrange quadratic for velocities, Lagrange linear for pressure and grid 
displacements.  
3.5 The sponge layers 
At the 2 ends of the basin, two sponge layers, 2 m long, are described by means of a 
gradually increasing viscosity νS: 
 2oS )X-(X 250'000ννν +=  (11) 
where Xo is the co-ordinate denoting the beginning of the sponge layer. 
3.6 The rigid body 
The vertical oscillations are described by a dynamic equation for the vertical body 
movements ξ: 
 0M-Mg-Fv =ξ$$  (12) 
with trivial initial conditions on position and null velocity. Here Fv is the integral of the 
vertical force applied at the bottom of the floating body. At each time step, Fv  is evaluated, 
and Eq. (12) is advanced in time to find the new vertical elevation of the floating body. 
4. Boundary Conditions 
Boundary conditions must be supplied to both set of domain equations: a) the moving mesh 
(ALE), where typically the vertical and/or the horizontal grid velocity may be constrained, 
and b) the NS-Equation, where the constraint may interest the horizontal or vertical fluid 
velocity or the pressure. 
A delicate issue is the definition of the boundary condition between water and a wall, when 
it is not known a priori whether the wall is in dry or in wet conditions.  Let us suppose for 
simplicity that the wall is the vertical side of the container and that it extends from the 
bottom to a level which is much higher than the free surface (no overtopping is possible).  
We will also neglect the effect of friction at the wall and consider slip conditions.  In this 
case, we suggest to: 
a. mesh the wall of the container. The wall is now a rectangle, whose width is taken 
conveniently large.  Of the two vertical faces of the wall, one is in contact with water, 
say the front face, the other is not in contact with water, and is the rear face;   
b. at the rear, top and bottom faces of the wall apply null horizontal and vertical grid 
velocity; 
c. at the part of the front face that is initially wet, apply null horizontal grid velocity and a 
vertical grid velocity equal to the velocity of the fluid; 
d. at the part of the front face that is initially dry, constrain only the horizontal grid 
velocity to be zero. 
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Should the wall be oblique, the procedure would remain the same but the horizontal direction 
becomes the direction normal to the wall, and the vertical direction the parallel one. 
Where the boundary is certainly wet, like at the bottom, there is no need to model the 
container and the boundary conditions are those of point (c) above. 
At the free surface, grid vertical velocity is constrained to be that of the fluid, with no 
constraint on the horizontal component.  For the fluid, the natural condition is applied (zero 
flux). 
Contact between fluid and floating body.  Again, the body is meshed and it is schematised 
as if it were a little higher than in reality, to avoid possible overtopping and to allow for a 
greater mobility of the mesh.  The parts which can be either wet or dry are constrained 
exactly as described above, regardless of the body velocity; the parts of the body that are 
always dry (top) are constrained by setting a vertical grid velocity equal to the value found 
from Eq. 12, and horizontal grid velocity equal to zero;  the parts of the body that are always 
wet (the bottom) are only are constrained by setting a vertical grid velocity equal to the 
value found from Eq. 12. 
5. Results 
The target applied wave height is 0.04 m.  Fig. 5 and 6 show the surface elevation in 
presence and in absence of the floating body.  The former figure gives therefore the incident 
wave, which is decreasing along the flume in an unrealistic way, due to the great artificial 
viscosity. The actual generated wave becomes the target one in X=0, i.e. where the floating 
body is placed. The latter figure gives the wave field perturbated by the presence of the 
body.  It can be easily observed that there is a strong reflection in front of the structure, and 
that the transmission is low. 
 
Figure 5. Surface elevation in absence of floating body along the flume. Each line gives the 
elevation at different instants, spanning a wave cycle (1.3 s) with interval (0.05 s) 
In order to verify the validity of the result, the first operation to be done is to refine the mesh. 
Therefore triangles with horizontal and vertical dimension 3 times smaller were generated and 
tested. Fig. 7 shows the cell Reynolds number in this case, which is still very high.  Anyway, 
the result of interest is the amplitude of the oscillations of the floating body, ξmax.   
Fig. 8 gives the computed vertical oscillation ξ(t) for the two meshes. It is seen that the 
differences due to an increase of the degrees of freedom of 9 times are small. They both 
point out a maximum height of the oscillation of 0.045 m. 
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In the literature, the ratio between ξmax and H is termed Response Amplitude Operator 
(RAO). The RAO for out case is of 0.045 m / 0.04 m = 1.1, and is relative to a wave period of 
1.3 s, for a structure with natural period of 1.15.  The computation with a period of 1.1 s, not 
shown here, gives a RAO of approximately 1.3. 
In general, when the wave period is similar to the natural period of oscillation, the body 
oscillations are much overestimated by the inviscid model. What is the behaviour of our 
non-linear model?    
Tests were carried out by Ruol and Martinelli (2007) with a floating body of geometry 
similar to the one analysed here, subject to regular and irregular waves, under different kind 
of mooring system.  Results in terms of RAO are presented in non-dimensional form. One of 
the tests is indeed suitable for a comparison.  In that case, the RAO for T/Tn=1.15, where Tn 
is the natural period of the vertical oscillations, was just above 1.0. 
Fig. 9 compares the result of a classical linear inviscid model, the results presented here and 
the experimental result.  It can be seen that the non-linear simulation appears much closer to 
the experiments. 
 
 
Figure 6. Surface elevation along the flume. Each line gives the elevation at different 
instants, spanning a wave cycle (1.3 s) with interval (0.05 s). The floating body is placed in 
X=0, where the surface elevation is absent 
 
 
Figure 7. Cell Reynolds number for the refined mesh, and vertical displacements (arrows) 
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Figure 8. Vertical movements of the floating body along the flume. Left: usual mesh. Right: 
mesh refined 3 times horizontally and vertically 
0.8 0.9 1 1.1 1.2 1.3
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
T/T
n
R
A
O
Linear model
Non-linear model
Ruol and Martinelli (2007)
 
Figure 9. Computed RAOs with the non-linear model presented here and comparisons 
6. Conclusions 
A model describing the dynamics of a floating body by solving the NS-equations in a 
moving grid framework with free surface is presented. 
The model has several interesting features, like the peculiar way of describing: a) the grid 
movements; b) the slip boundary conditions in presence of a wet and dry interface; c) the 
generation of waves and, to some extents, the sponge layers.   
The investigated feature is the ratio between the oscillation of the floating body and the 
wave oscillation, which is usually quite overestimated by viscousless models when the load 
frequency is close to the floating body eigenfrequency.  A simulation of this condition with 
the non-linear model reproduced much more closely the experimental results described in 
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Ruol and Martinelli (2007) than the corresponding simulation carried out with a classical 
model based on linear waves and irrotational flow.  
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